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Abstract— The article considers one of the urgent and key
problems of the transport industry related to the planning of
routes for transport vehicles (TV). For many applications this
problem can be described and formalized as the traveling
salesman problem (TSP), which consists in finding the optimal
route for a traveling salesman to visit all the specified cities
once and then return to the source city. In general, when
planning routes, one has to deal with the multiple problem of a
traveling salesman. Multiple Traveling Salesman Problem
(MTSP), which allows more than one traveling salesman and
more than one depot - their base location, where routes begin
and end. TSP, as a combinatorial optimization problem,
belongs to the class of NP-hard problems and its solution by the
method of complete enumeration is almost impossible for the
case of 20 cities. One of the heuristic methods for its solving,
which is described in this article, is based on geospatial
clusterization of the initial set of cities. First we consider MTSP
with one depot, for which a two-index mathematical
formalization is given and which, using the Miller-Tucker-
Zemlin method, is reduced to the problem of integer linear
programming. Then more complex problem is considered -
MTSP with several depots. A two-stage CFRS (*'Cluster First -
Route Second™) method for solving this problem is discussed,
which allows reducing it to TSP family with a single depot. At
the first stage, geospatial clusterization of cities is carried out
and clusterization using the K-means method is used. At the
second stage a single depot with vehicles designed to serve this
cluster is selected for each cluster and routes to by bypass all
cities in this cluster are built. As an example illustrating the
effectiveness of the proposed solutions a numerical example of
aviation logistics is considered — flight routing of multiple
transport UAV with several depots based on them.

Keywords— transport vehicles, route planning, multiple
traveling salesman problem (TSP), variants with one or more
depots, integer linear programming, cluster method for solving
TSP, geospatial clustering by K-means method, numerical
example of aviation logistics

I. INTRODUCTION

The current problem of the recent transport industry is
con-nected by the transport routing and consists in the routes
plan-ning of transport vehicles (TV) with minimization of
transport costs [1, 2]. Here TV is a technical system fulfilling
the functions of the objects transportation (the people and/or
traffic) for long distances from one place to the other, and
also we may distin-guish the land (car and rail), the water
(river and sea)and the air TV, depending on the environment
of movement.

Transport costs are total input for the TV transportation in
terms of the expansion, duration or the cost of the route. The
problem of the TV routing attracts wide attention of the
investi-gators by its complexity and practical level in the
different sphe-res of the human activity also more than half a
century (the transport logistics, security and fire monitoring,
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search and res-cue missions, ecological and agricultural
observation, air patrol and so on). In the current market
conditions the transport logistics involved with the questions
of planning and control by the flows of the commodity-
material values (raw material, mate-rials, ready production
and so forth) and above all transportation from supplies and
consumers plays more and more important part in connection
with the development of the production sphe-res marketing
and consumption [3]. The increased attention to issues of the
production’s transportation is because that by dif-ferent
estimates from 30% to 50% of all inputs for transport lo-
gistics is connected by the transportation costs.

Vehicle routing problem (VRP) being under
consideration in the article is the modification and
generalization of the famous classical travelling salesman
problem (TSP) [4, 5]: for set iden-tical TV, located in one or
several depots it is required to define the optimal (with
minimum transport costs) set of detour routes with single
visit of many geographically scattered among the points of
the route with compulsory return to depot, that is the point of
TV basing, where their transport routes begin and finish.

VRP attracts the wide attention of the investigators also
in the order of a century. In this case the first papers,
dedicated to the given class of the problems belong to
standard TSP, which du-ring the period of its beginning it
was customary to refer to the mathematical puzzles (on the
strength of the astonishing simp-licity of its interesting
posing).Among the most famous puzzles it should be
pointed out the game “Round-the-world” by W.R. Ha-
milton, 1859y., related to finding a workaround path
(without loops) of set tops of dodecahedron (graph with 20
knots). Here the vertices of the graph symbolize cities, and
the edges of the graph symbolize roads, connecting
them..The first TSP formu-lation as the mathematical
problem (so called “messenger’s prob-lem”), which was
published in 1930y, belongs to K. Menger. But it is
generally agreed that VRP as the classical problem of rou-
ting of the only TV [6] for refueling gasoline at gas stations
was first formulated and solved by G.B. Dantzig and
G.H. Rumser in 1959y. Some years later G. Clarke and J.W.
Wright have inclu-ded several TV [7] in the given problem
formulation. The actual conditions and restrictions
encountered in practice have defined the wide set of variants
for VRP formulation [8, 9].

The mathematical formulation is suggested in the papers
of the authors [10-15] and also the methods and algorithms
of VRP solution, connected by the problems of group
patrolling the nar-rowly stretched large territory of the
unmanned aerial vehicles (UAV). Here the problem of
planning optimal routes of flying over patrol areas by several
drones based in several depots is considered. Here the effect
of reducing transportation costs du-ring routing is developed
very clearly on the large territories. In this report, developed
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the authors’ papers specified above, this VRP with optimal
planning ring routes of variety of TV is con-sidered. The
formalized formulation of the given problem as mu-Itiple
traveling salesman problem (MTSP) [16] is presented. Se-
veral traveling salesmen (commercial agents) for bypass a
given set of cities with one time their visit is allowed here.
The cluster two-stage method for solving the given MTSP is
described. It ensures that it is reduced to a number of MTSP
with one depot. As an illustration the suggested solutions,
the numerical example of the aviation logistics is given- it is
the statement and solution of the problem of optimal routing
UAS group in the MATLAB environment.

Il. CLASSIC VRP SOLVING METHOD WITH ONE DEPOT

Suppose that all available TV be of the same type and
they are serviced by one depot. The route of every TV,
named as a tour, starts and ends at this depot moreover one
TV is assigned only one tour. The criterion for optimal route
iS minimum trans-portation costs indicator that is the
activities, cost or length of the tour.

Let us consider a meaningful formulation of the VRP
problem with one depot, formalized as MTSP. Meaningful
VRP sta-tement with one depot, formalized as MTSP,
consists of the following: there are N cities, one of which is
the location of the depot and m traveling sales-men are
based in it.Their goal is to drive through all the cities. The
cost of the removal between the cities is set. MTSP consists
in the finding a tour for every traveling salesman, complying
with the fol-lowing conditions:

o all traveling salesman routes should be circular, that is
with the beginning (start) and the end in the depot;

e every city is visited only once and only by one
traveling salesman;

e the general cost of tours is minimal.

Let us reduce the mathematical formalization of the
given problem. The complete graph G(V,E) is given, where
V ={L,..,N} is a lot of knots (tops), and E is a lot of

edges. The graph knots present the cities, and its edges
(i, j) € E present the routs of the communication between

them, and also the knot d corresponds to depot, where the
traveling salesman routes start and end. The costs matrix is
set C=|lc; |l , where c; >0 is the cost of the route
(i, j) € E, which can be treated as the time, expenditures or
the distance.

The asymmetry MTSP is modeled by the directed graph,
and the symmetry MTSP is modeled by the undirected graph.

The symmetry MTSP is called metric if relative to the
lengths of the edges the triangle inequality is fulfilled:

Cik +Ck] ZCIJ Vl,j,k eV.

We believe, that the considered problem of the optimal
TV routing is the symmetric metric MTSP. As the required
unknown variables the elements of the movement matrix

protrude X =||x; ||, where X; is binary variable, connected
to every edge (i, j) € E, receiving the value 1, if the edge
(i, j) belongs to the optimal route and value O otherwise.
Further V' =V \{d} is subset V , which contains all the
knots of graph G except depot.

The mathematical model for the considered symmetric
metric MTSP can be represented by the following:
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Thus we have two-index formalization of the VRP under
consideration with one depot as MTSP.

Restrictions to degrees of the graph vertices (2) and (3)
re-quire so that one edge exactly fits into the vertex and exits
from the vertex connected by every city, which is not depot.
The re-strictions (4) and (5) guarantee that exactly m
traveling sales-men leave depot and return back to the depot.
It is significant that the accepted restrictions assume the
presence of sub-routes (substructures), irreversible the full
cycle and impenetrable through the depot. To exclude the
effect of the origin such sub-routes permit the conditions in
term of the inequalities, formu-lated by G.B. Dantzig,
D.R. Fulkerson and S.M. Johnson [17]. The quantity of the
additional inequalities providing the elimi-nating sub-routes

is equal to 2N —2(N -1).

C.E. Miller, AW. Tucker and R.A. Zemlin proposed the
alte-rnative conditions for eliminating sub-routes [18] (so
called MTZ algorithm) by means of the introduction n new

variables u; (VieV') defining the order of visiting cities,
requiring only N2 — N of the suplementary inequalities:
U —uj+px; <p-1 Vi jeV'ii=j.

Here u; is the additional integer variable, representing

the quan-tity of the knots (the cities), which i traveling
salesman not visi-ted yet, and p is maximum quantity of the

knots (the cities), which can visit every traveling salesman.
We may assume, that p=N —m. As a result, MTSP with

one depot is reduced to the linear integer programming
problem and to solve it the special algorithms are existed in
particular the Gomori algorithm

I1l. METAHAEURISTICS AS “GOLD STANDARD” FOR MTSP
SOLUTIONS

Solving MTSP due to the theoretical and practical signifi-
cance attracts the attention of the world scientific community
to the search for effective methods of its solution for more
than half a centure. The first approaches to MTSP solution
supposed in 1960-1980yy, composed the group of the
classical methods, which included the main approaches to the
exact and approxi-mate solution for the traveling salesman
problems of not small dimension (until 25-30 cities). Since
the mid-1990s the researches of the given problems focused
on the different metaheuristic methods based on the different
ways of simplifying the problem solution. They have not
strong basis, do not guarantee accuracy and global optimality,
but they give the acceptable problem solution in a reasonable
amount of time. These methods permit to get the admissible
MTSP solution a high-dimentional (reaching 1 000 000
cities) for which the amount of solution search space
approaching by an order of magnitude the number of atoms



in the observable universe. Here we may note that the MTSP
complexity with the number of cities exceeding only N > 66
is beyond so called “Bremermann limit”: the number of
options for search the problem solution has the form 93-digit

number and it will be needed for processing more than 10%
bit information, that it takes time some milliards years.

Metaheuristics is “the gold standard” for search of MTSP
solutions. As a result, for the given class of the problems the
number of metaheuristic algorithms was developed and
researched [19, 20] and first of all the following bioinspired
(imitating processes in the natural environment and in the
behavior of some animal species and some types of plants)
algorithms: Tabu Se-arch (TS), Simulated Annealing (SA),
Fireworks Algorithm (FWA), Evolutionary Algorithms
(EA), Genetic Algorithms (GA), Bacterial Foraging
Algorithms (BFOA), Particles Swarm Optimization (PSO),
Ant Colony Optimization (ACO).

A lot of papers, dedicated to metaheuristics, created
uncertainty in choosing the best algorithms having the
reliability, co-rectness, stability and simplicity. But we can
state, that the most popularity for solving of complex
optimization problems, the genetic algorithms (GA) have
acquired.They are provided for many programmed products
including the Global Optimization Toolbox of MATLAB
system. Today GA algorithm became “favourite” of MTSP
solving as with the only depot, so with se-veral depot
[21, 22]. In this case, in parallel with the direct use GA for
MTSP solving, the approach based on its reductionto the
problem of the integer linear programming with the
consequent solving of the last problem by GA method (see
f.e.[23] gain the more popularitty.

IV. TWO-STAGE CLUSTER METHOD FOR SOLVING VRP WITH
MULTIPLE DEPOTS

Multiple Depot Vehicle Routing Problem (MDVRP) was
set at first by G.Laporte, Y.Nobert and G.Arpin in the paper
[24].The availability of several depots significantly
complicates the corresponding MTSP. One of the most
effective approaches for MTSP solution is based on the
applicetion of the metho-dology of the space clusterization of
all cities, which plan to visit the traveling salesmen.

The clusterization (the cluster) is the process of the
dividing (decomposition) of set homogeneous (uniform)
objects into no-noverlapping subsets named the clusters
based on the degree of their “similarity”. In doing so, in
metric space the degree of the “similarity” of every pair of
the objects is measured by “dis-tance” between them using
the different metrics. The choice of these metrics essentially
affects the quality of the clusterization. Along with the
power-law, manhattan, chebyshev and mahalano-bisky
distances, the Euclidean distance is the most ordinary. It
permits to find the hyperspherical accumulation of the
clusteri-zation objects.

At present time there are many methods of the
clusterization. According to multiple reviews (see, f.e.[25],
one of the most popular and sought-after clasterization
methods is K-means method [26] because of the symplicyty,
obviousness and speed of implementation. The idea of the
present method was proposed in the papers by S.P. Loyd and
H. Steinhaus in the 50s indepen-dently and has been
developed in the papers by E.W. Forgy, H.P. Fridman and
J. Rubin, J. MacQueen) in the 1960s.

For MTSP with several depot the clustering two-stage
approach [27,28] has become widespread.The first stage
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consists in the clusterization of the cities, permitting to
consider every re-ceived cluster as the independent territorial
unit with its single depot and the traveling salesman, ascribed
to it, serving the given cluster. The second stage consists in
the routing the traveling salesmen’s route for every received
cluster at the first stage. In turn two-stage approach is
subdivided into two following me-thods, diametrically
opposite:

the method “Cluster First - Route Second” (CFRS)
sug-ges-ted in the papers by B.E. Gillet, L.R. Miller
[29] and L.D. Bodin [30] and has been used in a
number of publications (see, f.e.[31];

the method “Route First - Cluster Second” (RFCS)
offered by J.E. Beasley [32] and has been used in a
number of papers (see, f.e. [33].

The methods CRFS and RFCS are based respectively on
the principles of “first clusterization and then routing”and
“first rou-ting and then clusterization”. At the same time the
CFRS me-thod provides more quality MTSP solving in spite
of more com-plex calculations in comparison with the RFCS
method, which is rarely used. It should be noted that in a
number of papers (see, for example, [34]), in the CFRS
method for solving MTSP, along with two stages
(clusterization and routing), it is proposed to pro-vide for a
third stage related to the improvement of routes obtained in
each cluster at the second stage. In the literature, the TSP,
which uses the idea of destination clustering, is called a
cluster traveling salesman problem (CTSP), and was at first
posed in [35].

V. REDUCING MTSP WITH SEVERAL DEPOTS TO MTSP WITH
ONE DEPOT
In the initial conditions of the cluster MTSP with several
de-pots the parameters N and m have, respectively, the
total num-ber of cities and the traveling salesmen, and n is
the total num-ber of depots.

The traveling salesmen routes are described by full
graph G(V,E) , where V ={1,...,N} - is multitle knots

(tops), repre-senting the destination route, and E - is
multiple edges, repre-senting the communication between
points. The cost matrix C=||c;; || is set, where ¢;; >0,

(i,j) e E.
Let multiple cities V is devided into clusters:

V =V, UV, u..uV,, 7

so that

(®)

where every cluster includes one depot and traveling
salesmen routes, based on in this depot. Then the initial
MTSP with n de-pot naturally is devided into n MTSP
with one depot. Geospatial clustering of destination (7), (8)
permits to fulfill their grouping, starting from the reasons of
their territorial proximity.

Let us denote by G, (V,,E,) the sub-graph of graph G,

Vi 2@,V, WV, =@, i, j=1n,i# ],

generated by multiple tops V, (k :1,_n) ..Let us select in the
cost matrix C sub-matrix, corresponding to multiple tops
Vi @ C=llci I , where i, jeV, . For every sub-graph
Gy (V. E) based on the cost matrix C, we can solve TSP



with one depot. The acceptable solutions to this problem are
described with movement matrix X, =||x; || , where

i, j er .
Let us assume, that depot d, eV, and V; =V, \{d,} is

defined for each cluster. V| (k =1,n). Let us introduce the
notations: N, is the number of points in cluster; N, =V, [,
m, =1 is the number of TV, based on the depot d, .
Evidently, the following relations must be realized:

Let us formalize mathematically the problem of the
optimal routing TV movement in k cluster V, in the form
of the following extreme problem:

D CijX; — min, 9)
i,jevy
1#]
ieVy
v,
D Xid, =My, 12)
ievy
Zxdkj =m,, (13)
jevy

moreover, here to eliminate sub-routes, they should be
complemented with conditions by Miller-Tucker-Zemlin:

Ui —Uj +pX < p-1 Vi, jeVy,i=]. (15)
There are different variations of MTSP statement and
solution in the kind of (9)-(15) using the conception of
geospatial clustering. One of these possible variants the
following iterated algorithmic scheme is represented:

1. Lot of cities V is crashing into n clusters (7), (8).
2. Ineach k cluster the nearest to its center city d, eV,

is located, where the depot, serving the given cluster is
posted.
3. Starting from k cluster size and the number N, of

the cities, incoming in it, the number of traveling salesman
m, is set. which is intended for servicing this cluster.

4, For each k cluster (kzl,_n) the problem of the
integer programming (9)—(15) has been solved.

The given MTSP is relative to class of CTSP. Its solution
is ambiguous and in many ways is determined by choice of
the clustering method. Here the utilization of the base method
of K-means is too effective. Its iterated algorithm splits the
original set of the objects (cities) for a predefined fixed
number of clusters by means of minimization of total
deviation of the objects in clusters from their centers. It
should be noted that the algorithm of K-means method is
efficient and it is converges, but it is sensitive to initial
conditions and outliers, which can distort both the mean and

split quality.
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For clustering of geo-distributed data besides K-means
algorithm and the other algorithms could be used. In
particular, the algorithms of hierarchical clustering are of
interest, among of which it should be noted, for example,
method BIRCH (Balanced lIterative Reducing and Clustering
Using Hierarchies) [36].

VI. AN EXAMPLE OF TRANSPORT DRONES ROUTING

The main trend of the development of the world transport
system of recent years is the sharp increase in numbers of
TV, and also the emergence of new their species, among
which the key location occupy today the unmanned TV,
including the unmanned aerial vehicles (UAV, drones).
Today one of trend directions of drones using is transport
and logistics sphere and first of all it is postal, courier and
commercial delivery services [37, 38]. The efficiency of the
given application of drones is agreed upon their smallness,
maneuverability, low cost and easy controllability. The
researchers from Oxford predict that in the very near future
robots will take in logistics up to 80% of jobs and by 2030-
2040yy the unmanned truck drones will pick up cargo from
“clever” warehouses, fully automated and to supply them to
the unloading hubs. From this place they will be able to
carve a path to the addresses with the help of the flying
drones-couriers. Using drones, the campaigns will not only
be able to reduce the most part of costs, but to extend your
delivery range.

As a model example, let us consider the following
problem of the aviation logistics: there are 26 delivery points
with three depots, to each of which 2, 4 and 4 drones are
assigned respectively. The coordinates (x, y) of all 26 points
with letter designations (a, b, c, ..., z) are presented in the
Table 1. Their mutual location on the territory in a unified
coordinate system is shown in Fig. 1.

Euclidean cluster TSP is considered. Here in the capacity
of metric the Euclidean distance is accepted. The solution of
the problem was fulfilled in the programming environment
MAT-LAB. For clustering by K-means method the K-means
function was used. The solution of the problem of integer
programming was fulfilled with the help of intlinprog
function. As a result three clusters have been formed, where
three depots n=3, serving ten drones m=10 have been
allocated. Fig. 2 illustrates the splitting the set of delivery
points into clusters. Here the objects of the clustering are
marked with three types of markers. They are: the circle,
triangle and square, and the centers of the clusters are
marked with a cross. To designate three depots the markers
larger size with fill are used.

As a result, we have the following distribution of delivery
points and drones by clusters:

o thefirst cluster: i, k, I, q (depot), t, y; m; =2;

e the second cluster: a, b, c, d, e, f (depot), j, g, h, m;
m, =4,

e the third cluster: n, o, p, r, s, u (depot), v, w, o, v;
m3 = 4 .

In Fig. 3 drone flight routes of delivery points are
presented.



TABLE I.

COORDINATES OF THE DESTINATIONS

X y X y X y
a 287 285 i 227 204 s 204 83
b 289 247 k 38 197 t 84 83
c 275 239 I 11 194 u 238 56
d 127 230 M 288 147 v 274 51
e 280 226 N 197 134 w 287 29
f 244 223 o] 240 132 y 164 14
g 255 213 P 272 118 ¢ 146 10
h 190 212 Q 43 114 v 29 10
i 47 208 R 291 95
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Fig. 1. The relative position of the destinations Fig. 3. UAV flight routes
Y, kM
VII. CONCLUSION
300 + a . .
A In _the paper the pr_oblerr_l _of_o_ptlmal transport routing
¢ b formalized as MTSP with minimizing the maximum length
250 + i d of routes to bypass all cities is considered. The peculiarities
f A yp p
: A h P & gAAe of the problem for chances of the only and several depots are
I kO A A A discussed. MTSP method of reduction with one depot to the
200+ 00 problem of the integer linear programming with eliminating
sub-routes by Miller-Taker-Zemlin algorithm is presented.
" m For MTSP solution with several depots two-stage method
1501 % O 0 CFRS (“Cluster First - Route Second”) is used: at the first
q ar stage the geospatial clustering of multiple cities is realized,
100t ® / - m and at the second stage for each cluster one depot is selected
lo) m| (m) and the corresponding MTSP with the only depot is being
X . v solved. In this case the iterative algorithmic scheme of space
1
50+ clustering on the basis of K-means method, minimizing tota
B 0O, lustering on the b f K thod g total
v @ hd 0 deviation of cluster points from their centers is used. The
o) nl:l numerical example of the aviation logistics - the problem of
0r the optimal flight routing of the transport drones is presented.
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